The approximate analytical bound state solution of the Schrödinger equation for the ManningRosen potential is carried out by taking a new approximation scheme to the orbital centrifugal term.
I. INTRODUCTION
The exact analytic solutions of the wave equations (nonrelativistic and relativistic) are only possible for certain potentials of physical interest under consideration since they contain all the necessary information on the quantum system. It is well known that the exact solutions of these wave equations are only possible in a few simple cases such as the Coulomb, the harmonic oscillator, the pseudoharmonic potentials and others [1] [2] [3] [4] [5] . The analytic exact solutions of the wave equation with some exponential-type potentials are impossible for l = 0 states. Therefore, approximation schemes have to be used to deal with the orbital centrifugal term like the Pekeris approximation [6] [7] [8] and the approximated scheme suggested by Greene and Aldrich [9] . Some of these exponential-type potentials include the Morse potential [10] , the Hulthén potential [11] , the Pöschl-Teller [12] , the Woods-Saxon potential [13] , the Kratzer-type and pseudoharmonic potentials [14] , the Rosen-Morse-type potentials [15] , the Manning-Rosen potential [16] [17] [18] [19] and other multiparameter exponential-type potentials [20, 21] etc.
The Manning-Rosen (MR) potential has been one of the most useful and convenient models to study the energy eigenvalues of diatomic molecules [16] . As an empirical potential, the MR potential gives an excellent description of the interaction between the two atoms in a diatomic molecule and also it is very reasonable in describing such interactions close to the surface. The short range MR potential is defined by [16] [17] [18] [19] V (r) =h 
where A and α are two constants and the parameter b characterizes the range of the potential [22] . The above potential may be further put in the following simple form 
which is usually used for the description of diatomic molecular vibrations and rotations [23, 24] . It is also used in several branches of physics for their bound states and scattering
properties. This potential remains invariant by mapping α → 1 − α and has a relative minimum at r 0 = b ln [1 + 2α(α − 1)/A] with value V (r 0 ) = −h 2 A 2 8µb 2 α(α−1) for α < 0 or α > 1 and A > 0. Moreover, the second derivative determines the force constants at r = r 0 which is given by
If α = 0 or α = 1, the potential (1) reduces to the Hulthén potential [11] . For the potential in Eq. (1) [16] [17] [18] [19] , the Schrödinger equation (SE) can be easily solved for the s-wave, angular momentum quantum number l = 0. However, for the general solution, one needs to include some approximations to obtain analytical or semi-analytical solutions to the SE.
Also, it is often necessary to determine the l-wave (l = 0 states), so an analytic procedure would be advantageous [25] [26] [27] . Hence, in the previous papers, several approximations have been developed to find better analytical formulas for the energy bound states and wave functions. For instance, in the l = 0 case, the bound-state energy spectra for the MR potential have already been calculated by using the path-integral approach [17] and function analysis method [18] . For the l = 0 case, the potential can not be solved exactly without using approximation scheme. Recently, Qiang and Dong [19] approximated the centrifugal
(e r/b − 1) 2 and studied l-wave bound-state solutions of the SE for MR potential. Further, the scattering state solutions for the same potential and approximation have also been investigated [25] .
The above approximation has also been applied to obtain the l-wave solutions of SE with the MR potential in three-dimensions and D-dimensions and also with the Hulthén potential using the Nikiforov and Uvarov (NU) method [11, 19, 26, 27] . The present approximations provide good results which are in agreement within five decimal digits with the previously reported numerical integration method by Lucha and Schöberl [28] for short-range potential (large b and small l) but not for long-range potential (small b and large l).
The main purpose of the present paper is to improve the accuracy of the previous approximations introduced in [26, 29] , so that we apply a different approximation scheme recently proposed in Ref. [27] for the centrifugal term l(l + 1)r −2 to make the results in higher agreement with Ref. [28] . Thus, with this new approximation scheme, we calculate the l = 0 energy levels and wave functions for the MR potential using the NU method [30] which has shown its power in calculating the exact energy levels for some solvable quantum systems.
For this, the results are in better agreement with those obtained by means of numerical integration method [28] . As an illustration, the method is applied to find the ro-vibrational energy states for a few diatomic molecules: HCl, CH, LiH, CO, NO, O 2 , I 2 , N 2 , H 2 and Ar 2 .
The paper is organized as follows: In Section II, we apply the new approximation scheme to calculate the l-wave bound state eigensolutions of the SE for MR potential by using the NU method. In Section III, we present our ro-vibrational energy levels for a few diatomic molecules. Section IV, is devoted for two special cases, namely, s-wave (l = 0) and the Hulthén potential. Finally, we make a few concluding remarks in Section V.
II. BOUND STATE SOLUTIONS
To study any quantum physical system, we solve the original SE that is given in the well
where the potential V (r) is taken as the MR form in (1) . Further, we set the wave functions
Y lm (θ, φ) to obtain the following radial Schrödinger eqauation:
in which u nl (0) = 0 and lim r→∞ u nl (r) = 0. To solve the above equation for l = 0 states, we need to apply the following approximate scheme to the centrifugal term given by
and the higher order terms are neglected. These solutions are valid for r/b ≪ 1, that is, the solutions obtained are valid for α(α − 1)/A ≪ 1 but positive. Obviously, the above approximation to the centrifugal term turns to r −2 when the parameter b goes to infinity (small screening parameter δ = 1/b) as
which shows that the usual approximation is the limit of our approximation (cf. e.g., [31] and the references therein). The values of the parameters D i (i = 0, 1 and 2) are given by [27, 31] 
However, the values of the parameters D i (i = 0, 1 and 2) used by Wei and Dong [32] are given by
where
Now, we need to recast differential equation (5) and the approximation (6) into the form of Eq. (1) of Ref. [33] by introducing the change in the variables r → z through the mapping function z = e −r/b , and defining
in order to obtain the following compact hypergeometric equation:
We notice that for the presence of bound state (real) solutions, ε nl must be a positive real parameter and we require that
for the radial wave functions to fulfill the boundary conditions, i.e., u nl (0) → 0 and u nl (1) → 0. Let us begin by comparing Eq. (10) with Eq. (1) of Ref. [33] , then we obtain the following definitions:
After applying the relations (A1-A4) of Ref. [33] , the following useful functions usually defined by the NU method [30] are achieved
and
We can also write the values of λ = k + π ′ (z) and
respectively. Furthermore, using the relation, λ = λ n , or alternatively the energy equation (A5) of Ref. [33] , allows one to obtain
Plugging the parameters given in Eq. (9) into Eq. (18), we finally obtain the following discrete bound-state energy eigenvalues:
where 0 ≤ n ≤ n max and l = 0, 1, 2, · · · , signify the usual vibrational and rotational quantum numbers, respectively. It is found that the parameter a in Eq. (13) remains invariant by mapping α → 1 − α, so do the bound state energies E nl . An important quantity of interest for the MR potential is the critical coupling constant A c , which is that value of A for which the binding energy of the level in question becomes zero. Hence, using Eq. (19), in atomic unitsh 2 = µ = Z = e = 1, we find the following critical coupling constant
Let us now turn to the calculations of the radial part of the normalized wave functions.
After applying the relations (A6-A10) of Ref. [33] , we obtain
The functions y nl (z), up to a numerical factor, are in the form of Jacobi polynomials, i.e.,
(1 −2z) (the physical interval (0, ∞) for variable r is mapped to the interval (0, 1) for variable z) [13, 14] . Hence, the approximated radial wave functions satisfying Eq.
(5) are given by
where a and ε nl are given in Eqs. (13) and (18), respectively and N nl is a normalization constant determined in the Appendix B.
When l = 0, we deal with s-wave case, the possible energies for the bound states and the corresponding wave functions are written explicitly, for α < 1/2:
where ε n = 1 2
A+α(α−1) n+α − (n + α) . The normalization constants N n and N n are calculated explicitly in the Appendix B. Notice that n max is the number of bound states for the whole bound spectrum near the continuous zone. n max is the largest integer which is less than or equal to the value of n that makes the right side of Eqs. (25) and (26) to vanish. The above results are in identical to Eqs. (12) and (13) given by Ref. [34] .
III. APPLICATIONS TO DIATOMIC MOLECULES
To show the accuracy of the new approximation scheme, we have calculated the rovibrational energy spectra for various n and l quantum numbers with two different values of the parameters α. The results obtained by means of Eq. (19) are compared with those obtained by a MATHEMATICA package programmed by Lucha and Schöberl [28] as listed in Table 1 
IV. SOME SPECIAL CASES
Let us study a few special cases. In the case where α = 0 or α = 1, the MR potential (1) reduces to the Hulthén potential [9, 11] :
where Ze 2 is the strength and δ is the screening parameter and b is the range of potential.
If the potential is used for atoms, the Z is identified with the atomic number. Furthermore, if taking b = 1/δ and identifying Ah 2 /2µb 2 as Ze 2 δ, we are able to obtain the ro-vibrating energy states and the normalized wavefunctions deduced from Eqs. (19) and (24), respectively,
where N nl is given in the Appendix B. Also, for s-wave (l = 0) states, we get
where N n can be easily found from either relation (B7) or (B9) after setting α = 0 or α = 1 in the Appendix B, respectively. Here in this case ε n = ε ′ n and the number of bound states n max is also same in both relations (B8) and (B10). In the usual approximation [19] where 
where N nl can be found from relation (B6) by setting ν l = l + 1. Essentially, these results coincide with those obtained by the Feynman integral method [17] and the standard way [18, 19] . In following Ref. [27] by taking D 1 = D 2 = 1 and D 0 = 1/12, Eqs. (28) and (29) turn out to become
which coincide for the ground state with Gönül et al. [9] in Eq. ( with energy levels and wave functions:
where ε 0 = 13.6 eV and a 0 is Bohr radius for the Hydrogen atom [3] . The wave functions also take the form:
which are found identical to Refs. [11, 13] .
V. COCLUSIONS
We have applied an alternative improved approximation scheme of the centrifugal potential l(l + 1)r −2 to obtain the energy levels and corresponding wavefunctions for the MR potential in the framework of the NU method for arbitrary l-waves. We have calculated the Turkey (TÜBİTAK) is highly appreciated.
to rewrite the wave functions in (24) as
From the normalization condition
[u nl (r)] 2 dr = 1 and under the coordinate change
The calculation of this integral can be done by writting
and by making use of the following two integrals (see formula (7.391.5) in [35] ):
which is valid for Re(ν) > 0 and Re(µ) > −1 and (see formula (7.391.1) in [35] ):
which is valid for Re(ν) > −1, Re(µ) > −1. This leads to
where 0 ≤ n, l < ∞. In the s-wave (l = 0) case, the above result is written explicitly, for α < 1/2:
in which α = 0 is included in (−∞, 1/2) and for α > 1/2:
in which α = 1 is included in (1/2, ∞) . 
